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Abstract
Charginos ˜ and neutralinos ˜0 in supersymmetric theories can be produced co-
piously at e+e− colliders and their properties can be measured with high accuracy.
Consecutively to the chargino system, in which the SU(2) gaugino parameter M2, the
higgsino mass parameter  and tan  can be determined, the remaining fundamental
supersymmetry parameter in the gaugino/higgsino sector of the minimal supersymmet-
ric extension of the Standard Model, the U(1) gaugino mass M1, can be analyzed in the
neutralino system, including its modulus and its phase in CP–noninvariant theories.
The CP properties of the neutralino system are characterized by unitarity quadrangles.
Analytical solutions for the neutralino mass eigenvalues and for the mixing matrix are
presented for CP–noninvariant theories in general. They can be written in compact
form for large supersymmetric mass parameters. The closure of the neutralino and
chargino systems can be studied by exploiting sum rules for the pair-production pro-
cesses in e+e− collisions. Thus the picture of the non–colored gaugino and higgsino




In the minimal supersymmetric extension of the Standard Model (MSSM), the spin-1/2
partners of the neutral gauge bosons, ~B and ~W 3, and of the neutral Higgs bosons, ~H01 and
~H02 , mix to form the neutralino mass eigenstates 
0
i (i=1,2,3,4). The neutralino mass matrix





M1 0 −mZcsW mZssW
0 M2 mZccW −mZscW
−mZcsW mZccW 0 −




is built up by the fundamental supersymmetry parameters: the U(1) and SU(2) gaugino
masses M1 and M2, the higgsino mass parameter , and the ratio tan  = v2=v1 of the vacuum
expectation values of the two neutral Higgs elds which break the electroweak symmetry.
Here, s = sin , c = cos  and sW ; cW are the sine and cosine of the electroweak mixing
angle W . In CP{noninvariant theories, the mass parameters are complex. The existence of
CP{violating phases in supersymmetric theories in general induces electric dipole moments
(EDM). The current experimental bounds on the EDM’s can be exploited to derive indirect
limits on the parameter space [2, 3], which however depend on many parameters of the theory
outside the neutralino/chargino sector.
By reparametrization of the elds, M2 can be taken real and positive without loss of gen-
erality so that the two remaining non{trivial phases, which are reparametrization{invariant,
may be attributed to M1 and :
M1 = jM1j eiΦ1 and  = jj eiΦµ (0  1;  < 2) (2)
The experimental analysis of neutralino properties in production and decay mechanisms will
unravel the basic structure of the underlying supersymmetric theory.
Neutralinos are produced in e+e− collisions, either in diagonal or in mixed pairs [4]-[12]
e+e− ! ~0i ~0j (i; j = 1; 2; 3; 4)
If the collider energy is sucient to produce the four neutralino states in pairs, the underly-
ing fundamental SUSY parameters fjM1j; 1; M2; jj; ; tang can be extracted from the
masses m˜0i (i=1,2,3,4) and the couplings. Partial information from the lowest m˜0i (i=1,2)
neutralino states [13, 3, 10] is sucient to extract fjM1j; 1g in large parts of the parameter
space if the other parameters have been pre{determined in the chargino sector [14, 15].
The analysis will be based strictly on low{energy supersymmetry (SUSY). To clarify the
basic structure of the neutralino sector analytically, the reconstruction of the fundamental
SUSY parameters is carried out at the tree level; the loop corrections [16] include parame-
ters from other sectors of the MSSM, demanding iterative higher{order expansions in global
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analyses at the very end. When the basic SUSY parameters will have been extracted exper-
imentally, they may be confronted, for instance, with the ensemble of relations predicted in
Grand Unied Theories [17].
In this report we present a coherent and comprehensive description of the neutralino
system, discuss its properties and describe strategies which exploit the neutralino pair pro-
duction processes at e+e− linear colliders to reconstruct the underlying fundamental theory.
The report is divided into six parts. In Section 2 we extend the mixing formalism for the
neutral gauginos and higgsinos to CP{noninvariant theories with nonvanishing phases. The
CP properties of the neutralino mixing matrix are analysed in detail; the structure of the
neutralino mixing matrix is characteristically dierent from the well-known CKM and MNS
mixing matrices due to the Majorana nature of the elds involved. Analytic solutions for
neutralino masses and mixing matrix elements are provided for the general case, and in
compact form for the limit of large supersymmetry mass parameters M1;2 and . The spe-
cial toy case M1 = M2 and tan = 1 can be solved exactly, and it illustrates the complex
structure of CP violation in the neutralino system. In Section 3 the cross sections for neu-
tralino production with polarized beams, and the polarization vectors of the neutralinos are
given [9, 11]. The rise of excitation curves near threshold for non{diagonal pair produc-
tion is altered qualitatively in CP{noninvariant theories. Thus, precise measurements of the
threshold behavior of the non{diagonal neutralino pair production processes may give rst
indications of non{zero CP violating phases. In Section 4 we describe the phenomenological
analysis of the complete set of the chargino and neutralino states which allows to extract
the fundamental SUSY parameters in a model{independent way, leading to an unambiguous
determination of the U(1) and SU(2) gaugino and higgsino parameters. The case in which
the analysis is restricted to the light neutralino states ~01;2 will also be discussed. In Section 5
sum rules for the neutralino cross sections are formulated as an experimental check of the
closure of the four-state neutralino system. Conclusions are nally given in Section 6.
2 Mixing formalism
2.1 General analysis
In the MSSM, the four neutralinos ~0i (i = 1; 2; 3; 4) are mixtures of the neutral U(1) and
SU(2) gauginos and the SU(2) higgsinos. In the general case of CP{noninvariant theories the
neutralino mass matrixM in eq. (1) is complex. Making use of possible eld redenitions, the
parameters tan and M2 can be chosen real and positive. Since the matrix M is symmetric,
one unitary matrix N is sucient to rotate the gauge eigenstate basis ( ~B0; ~W 3; ~H01 ;
~H02 ) to
the mass eigenstate basis of the Majorana elds ~0i



















The squared mass matrix MdiagMydiag = NMMyNT is real and positive denite. The
mass eigenvalues mi (i = 1; 2; 3; 4) in Mdiag can be chosen positive by a suitable denition
of the unitary matrix N .
The most general 44 unitary matrix N can be parameterized by 6 angles and 10 phases.
It is convenient to factorize the matrix N into a diagonal Majorana{type M and a Dirac{type
D component in the following way:
N = MD (5)
with the diagonal matrix
M = diag
{
ei1 ; ei2 ; ei3 ; ei4
}
(0  i <  mod ) (6)
One overall Majorana phase is nonphysical and, for example, 1 may be chosen to vanish.
This leaves us with 15 degrees of freedom. The matrix D, which depends on 6 angles and the
remaining 6 phases in four dimensions, can be written as a sequence of 6 two-dimensional
rotations [18]








−s12 c12 0 0
0 0 1 0
0 0 0 1

 (8)
The other matrices Rjk are dened similarly for rotations in the [jk] plane, where
cjk  cos jk sjk  sin jk eijk (9)
0  jk  =2 0  jk < 2
Due to the Majorana nature of the neutralinos, all nine phases of the mixing matrix N are
xed by underlying SUSY parameters, and they cannot be removed by rephasing the elds.
CP is conserved if ij = 0 or  and i = 0 mod =2
1, i.e. the necessary condition for
CP{noninvariance is the non{vanishing of at least one of the nine physical phases.
1Majorana phases i = =2 describe different CP parities of the neutralino states.
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The unitary matrix N of eq. (3) denes the couplings of the mass eigenstates ~0i to other
particles. For the neutralino production processes it is sucient to consider the neutralino{
neutralino{Z vertices,





























are the We gauge coupling, and the ~We~eL and ~Be~eR SUSY
Yukawa couplings, respectively. The Yukawa couplings must be identical with the SU(2)




= g = e=sW and gB˜ = g
0 = e=cW (12)
In eq. (11) the coupling to the higgsino component, which is proportional to the electron
mass, has been neglected. As a result, in the selectron vertices the R-type selectron cou-
ples only to right{handed electrons while the L-type selectron couples only to left{handed
electrons.
2.2 The neutralino quadrangles
The unitarity constraints on the elements of the mixing matrix N for Majorana fermions
will rst be derived without reference to the explicit form of the neutralino mass matrix.
They can be formulated by means of unitarity quadrangles which are built up by the links
NikN










j4 = 0 for i 6= j (13)
and by the links NkiN










4j = 0 for i 6= j (14)
of the mixing matrix2. There are six quadrangles of each type. The Mij quadrangles depend
on the dierences of phases i − j , while the D{type quadrangles are not sensitive to i
2The quadrangles Mij and Dij , when drawn in the ordering of eqs.(13,14), are assumed to be convex.
Otherwise, the quadrangles can be rendered convex by appropriate reordering of the sides.
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(jJ ij12j+ jJ ij23j+ jJ ij34j+ jJ ij41j) (16)
where Jklij are the Jarlskog{type CP{odd \plaquettes" [19]
Jklij = =mNikNjlNjkNil (17)
The plaquettes are insensitive to the i phases. There are nine independent plaquettes [20],
















23 . If they all are zero, all other plaquettes
are also zero. The matrix N is CP violating, if either any one of the plaquettes is non{zero,
or, if the plaquettes all vanish, at least one of the links is non{parallel to the real or to the
imaginary axis.
Since the phases of the neutralino elds are xed (modulo a common phase), the orienta-
tion of the neutralino quadrangles Mij and Dij in the complex plane is physically meaningful.
This is in contrast to the CKM unitarity triangles which all can be rotated by rephasing the
left{chiral quark elds; in the 4{family case only three  (Dirac) phases would therefore be
physical. It is also in contrast to the D{type MNS unitarity triangles which can be rotated
by rephasing the left{chiral charged{lepton elds while, on the other hand, the orientation of
the M{type triangles is xed by the phases of the neutrino Majorana elds; in the 4{family
case, three  (Majorana) and three  (Dirac) phases would be observables.
In Fig. 1 two sets of three (independent) quadrangles of each type (M12, M23, M34, and
D12, D23, D34) are shown for illustration. The collapsing of three quadrangles in one set (for
instance M12, M23 and M34) would imply the vanishing of all plaquettes and, consequently,
the areas of all quadrangles would be zero. However, this does not imply the vanishing
of all -type phases (to be contrasted to the CKM and MNS cases, where the vanishing
areas of three independent quadrangles implies the vanishing of all Dirac phases [21]), as
demonstrated explicitly in Fig.2 for a special case. Since the orientation of both M- and
D-type quadrangles is non{trivial, CP is conserved in the neutralino system only if all
quadrangles have null areas and if they all collapse to lines oriented along the real or the
imaginary axis.
By measuring only the amplitudes for neutralino pair production in e+e− collisions, the
links of the quadrangles Mij and Dij cannot be reconstructed completely. The relevant inter-
actions involving (nearly zero{mass) electron elds are invariant under the chiral rotations,
~H01 ! ei1γ5 ~H01 ~H02 ! ei2γ5 ~H02
~B ! ei3γ5 ~B ~W 3 ! ei3γ5 ~W 3 (18)
3Corresponding to 15 degrees of freedom, two quadrangles plus two sides and the angle in between of a


















Figure 1: The D–type (left panel) and M–type (right panel) quadrangles in the complex
plane, illustrated for tan  = 3, jM1j = 100 GeV, 1 = 0, M2 = 150 GeV, jj = 200 GeV
and  = =2; ij as indicated in the figure.
applied to the weak eigenstates. The higgsino elds can be redened with dierent phases,
leaving the Z{neutralino{neutralino vertices unchanged, eq. (10). On the other hand, the
electron{selectron{neutralino interaction vertices, eq. (11), are invariant under the redeni-
tion of the SU(2) and U(1) gaugino elds, ~W 3 and ~B, only with an identical phase due to
the non{trivial mixing of the two gaugino states after electroweak gauge symmetry breaking.
All these chiral phase rotations give rise to the same neutralino mass spectrum. Under the
rephasing in eq. (18), ve of the D-type quadrangles rotate in the complex plane, while the
orientation of D12 and of all Mij quadrangles is xed. As a result, out of nine phases three of
the -type phases remain ineective, leaving only six phases which can be determined from
e+e− production processes: three of the -type and three of the -type.
Thus the neutralino production processes alone do not allow to reconstruct all the links
of the quadrangles Mij and Dij. However, if interactions involving other fermion{sfermion{
neutralino vertices of left{handed sfermions are taken into account, at least the M{type
quadrangles Mij can be reconstructed in total, because the new vertices probe dierent
combinations of the bino and wino components of the neutralino:
















j2 as well as <e(Ni1Nj2) can be disentangled from two electron{
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selectron{neutralino and one neutrino{sneutrino{neutralino interaction. Exploiting subse-




j interactions, the four
sides of the quadrangle Mij can be determined completely.
Since the neutralino mass matrix involves only two invariant phases 1 and , all the
physical phases of N are fully determined by these two phases in the mass matrix as well
as by the gaugino/higgsino masses and the mixing parameter tan. In this context, the
measurement of the  and the  phases and the experimental reconstruction of the unitarity
quadrangles overconstrains the neutralino system and numerous consistency relations can
be exploited to scrutinize the validity of the underlying theory.
2.3 Neutralino masses and mixing matrix: analytical solutions
Complete analytical solutions can be derived for the neutralino mass eigenvalues mi 
m˜0i > 0 (i = 1; : : : ; 4) and for the mixing matrix N as functions of the SUSY parametersfjM1j; 1; M2; jj; ; tang. While earlier analyses in Ref.[22] were restricted to a CP{
invariant neutralino sector, we extend the analysis to the more general case of CP{violating
theories.
For this purpose switching to the basis (~γ; ~Z0; ~H0a ;


















cW sW 0 0
−sW cW 0 0
0 0 c −s











is of great advantage. In this basis the mass matrix M^ takes the form







W (M2 −M1) sW cW 0 0
(M2 −M1) sW cW M1s2W + M2 c2W mZ 0
0 mZ s2 −c2




where M1 and  are complex{valued; s2 = sin 2 and c2 = cos 2. The transformation A
shifts zeros in the diagonal of M to the non{diagonal elements of M^ which simplies the
solution of the eigenvalue equation (26) considerably.
The unitary matrix N^ diagonalizing the mass matrix M^ ! Mdiag may be decomposed
into the Majorana part M, equivalent to eq. (5), and the D^ part as follows:
N^ = MD^ (22)
The two unitary transformations are connected by N = N^A. The square of the diagonal
matrix Mdiag is related to M^ by the transformation
MdiagMydiag = D^M^M^yD^T (23)
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The diagonal mass matrix Mdiag itself can be dened by the positive diagonal elements
Mdiag = diag fm1; m2; m3; m4g > 0 (24)
choosing suitable solutions for the phases i in the matrix M derived from the equation
M2Mdiag = D^M^D^−1 (25)
The mass eigenvalues m2i (i=1,2,3,4), not necessarily ordered yet in the sequence of
increasing values, are derived from eq. (23) rewritten as the eigenvalue equation
[M^M^y −m2i ]D^i = 0 (26)
where the eigenvectors D^i = (D^i1; D^i2; D^i3; D^i4) denote the rows of the unitary matrix D^. The
eigenvalues m2i are the solutions of the characteristic equation
m8i − am6i + bm4i − cm2i + d = 0 (27)
with the invariants a, b, c and d given4 by the fundamental parameters of the neutralino
system in X = MMy:
a = trX





(trX )2 − trX 2
]
= jM1j2M22 + 2jj2(jM1j2 + M22 ) + (jj2 + m2Z)2





(trX )3 − 3trX trX 2 + 2trX 3
]
= jj2 fjj2(jM1j2 + M22 ) + 2jM1j2M22 + m4Zs22 + 2m2Z(jM1j2c2W + M22 s2W ) g
−2m2Z jjs2 fjM1j(jj2 + M22 )s2W cos(1 + ) + M2(jj2 + jM1j2)c2W cos  g
+m4Z fjM1j2c4W + 2jM1jM2s2W c2W cos 1 + M22 s4W g
d = detX
= jj4M22 jM1j2 − 2m2Zjj3jM1jM2s2 fjM1jc2W cos  + M2s2W cos(1 + ) g
+m4Z jj2s22 fjM1j2c4W + 2jM1jM2s2W c2W cos 1 + M22 s4W g (28)
4Post festum the invariants can also be rewritten in terms of the mass eigenstates:




























































z2 −pz3 + a=2
2m22 = +
p










z1 −pz2 −pz3 + a=2 (29)
can be expressed in terms of the roots of the triple resolvent equation,
z1 = 2~z − 2p=3
z2 = −~z +
√
−3~z2 − 3~p− 2p=3
z3 = −~z −
√
−3~z2 − 3~p− 2p=3 (30)
with the abbreviations









~p = −p2=9− 4r=3
~q = −p3=27 + 4rp=3− q2=2 (31)
which are dened by the invariants
p = −3a2=8 + b
q = −a3=8 + ab=2− c
r = −3a4=256 + a2b=16− ac=4c + d (32)
When taking the square roots of the zi, the signs of two roots are arbitrary, just reordering
the eigenvalues when signs are switched, while the sign of the third root is predetermined







The elements of the mixing matrix D^ follow from the eigenvector equation (26),








W + jM1j2c4W + 2s2W c2WM2jM1j cos 1 −m2i )
+(M22 s
2
W + jM1j2c2W −m2i )(jj2 −m2i )








1 −M2) + m2Z(M2 −M1)s2














and the normalization condition
Ni =
[
1 + (jBij2 + jCij2)=A2i + jDij2
]1=2
(35)
which completes the eigensystem.
Factorizing the matrix D^ into six 22 rotations, as dened in eq. (7), the most compact
representation for the mixing angles ij and the phases ij is given in terms of the sines


















2N1 (1− jD1j2=N21 )=A2 + C1D1D2=N1
[A21N
2












2 (1− jD1j2=N21 )− jD2j2]1=2
(36)
















W ) + 2(B

i =Ai) (M2 −M1) sW cW + M1s2W + M2c2W





s2 − 2(Ci =Ai)Di  c2
}
=mi (37)
with positively chosen eigenvalues mi > 0 inMdiag, and the matrix elements given in eq. (33).
The i can nally be reparametrized such that 1 = 0 and 0  2;3;4 <  in general.
2.4 Compact solutions in special cases
A particularly interesting limit is approached when the supersymmetric mass parameters
(and their splittings) are considerably larger than the electroweak scale: M2SUSY  m2Z . In
this limit a compact approximate solution for the neutralino masses and mixing angles can
be derived. On the other hand, in the special case of gaugino mass degeneracy M1 = M2 in
the limit tan = 1, the exact solutions for the mass eigenvalues and the mixing matrix can
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be presented in a compact closed form. Though somewhat academic, this conguration will
allow us to illustrate some surprising consequences of CP{violation for the structure of the
neutralino sector in a very transparent way.
2.4.1 The mixing matrix at large SUSY scales
If the supersymmetry mass parameters, M21;2 and jj2, and their splittings are much larger
than m2Z , jM1;2j2; jj2  m2Z and jjM1;2j  jjj2  m2Z , the diagonalization of the neutralino









jM2j2 − jj2 (38)
The corresponding expansion in the CP{conserving case for both charginos and neutralinos
had been worked out in Ref. [24]; we generalize this expansion by including arbitrary phases.
In the limit of large SUSY scales the mixing matrix N can be cast into a compact form
by factorizing the matrix in yet another form as follows:
N = MD0 P (39)
where the unitary matrix D0 is isomorphic to the form given in eq. (7) with redened sines
















1 0 0 0











Retaining the leading order in X1 and X2, the neutralino mass eigenvalues (not ordered
yet sequentially with increasing mass) are given as
m1 = jM1j+ X1
[
jM1j+ jj cos 2 cos(1 + )
]
m2 = jM2j+ X2
[
jM2j+ jj cos 2 cos 
]
m3 = jj − c2
[
(X1 + X2)jj+ X1jM1j cos(1 + ) + X2jM2j cos
]
m4 = jj − s2
[
(X1 + X2)jj −X1jM1j cos(1 + )−X2jM2j cos 
]
(41)
where c = (c + s)=
p
2 and s = (c − s)=
p













−s012 c23c24 s23 s24
−s13 −s23 c13c23 s34
−s14 −s24 −s034 c14c24

 (42)
with the denition of sij and cij as given in eq. (9), and









In this approximation, the rotation angles and the phases in D0 can be written as
s12 = +
m2Z cWsW [ jM1j (jM2jz1z2 + jM1jz1z2) + jj cos 2 (jM2jz1z2 + jM1jz1z2) ]
(jM2j2 − jM1j2)(jM1j2 − jj2)
s13 = − mZ sW cjM1j2 − jj2 (jM1jz

1 + jjz1) s14 = −
mZ sW s





jM2j2 − jj2 (jM2jz

2 + jjz2) s24 = +
mZ cW s





2jj tan  − i
c s
m3 − jj [X1jM1j sin(1 + ) + X2jM2j sin ] (44)








have been introduced. On the other hand, the phases i in M,
1 = −X1jj
2m1
sin(1 + ) cos 2
2 = −X2jj
2m2










X1jM1j sin(1 + ) + X2jM2j sin 
2m4
(46)
are expressed in terms of the invariant phases 1 and .
Addendum: Charginos










is diagonalized by two dierent unitary matrices URMCU yL = diagfm1 ; m2 g parameterized






























ei L,R . The exact solutions were given in Ref. [15].
In the limit of M22 ; jj2  m2Z and jM2  jjj2  m2Z , the following expressions
m1 = M2 + X2 [ M2 + jj s2 cos ]
m2 = jj −X2 [ jj+ M2 s2 cos ] (49)







(M2 c + 












2 s) γ2 = −X2
M2
jj s2 sin  (50)
for the mixing angles and phases.
2.4.2 The case M1 = M2 in the limit tanβ = 1
When the two soft{breaking SU(2) and U(1) gaugino masses are equal, jM1j = M2 =
M; 1 = 0, and tan is unity, the electroweak gauge symmetry guarantees the existence of
two physical neutral states which do not mix with the other states and which have mass
eigenvalues identical to the moduli M and jj. As a result, only one gaugino state and one
higgsino state mix with each other so that a complete analytic expressions can be derived
for the mass spectrum and the mixing matrix. For the sake of convenience, the following
notation is introduced:
 = M=mZ ;  = jj=mZ ;  =
{























With this notation, the neutralino masses mi are given by
m1 = M m2 =
√
2 + 2 + 2−
2
mZ
m4 = jj m3 =
√









1 0 0 0
0 cos  − sin  ei 0
0 sin  e−i cos  0
0 0 0 1

 (53)
and the phase matrix M with







































Figure 2: The D–type (left panel) and M–type (right panel) quadrangles in the complex
plane for the special case of tan = 1 and M1 = M2 = 100 GeV, and jj = 150 GeV,
 = =2. The quadrangle M23 degenerates to a point.
From the explicit form of the mixing matrix N it is apparent that all unitarity quadrangles
collapse to lines as shown in Fig.2. However, since the phases , and 2 and 3 are in
general non{vanishing, not all lines are parallel to the real or imaginary axes, a characteristic
feature which signals CP{violation. Only in the CP{conserving case, i.e. for  = 0 in this
particular example, the phases  vanish (modulo ) and i vanish (modulo =2) and all

















Figure 3: Mechanisms contributing to the production of diagonal and non–diagonal neu-
tralino pairs in e+e− annihilation, e+e− ! ~0i ~0j (i; j=1,2,3,4).
3 Neutralino production in e+e− collisions
The production processes
e+e− ! ~0i ~0j (i; j = 1; 2; 3; 4) (55)
are generated by the ve mechanisms shown in Fig.3: s-channel Z exchange, and t- and
u-channel ~eL;R exchanges
5. The transition matrix element, after an appropriate Fierz trans-
formation of the ~eL;R exchange amplitudes,
T
(
















can be expressed in terms of four generalized bilinear charges Q . They correspond to
independent helicity amplitudes [25] which describe the neutralino production processes for
polarized electrons/positrons (the lepton mass neglected). They are dened by the lepton


















The rst index in Q refers to the chirality of the e
 current, the second index to the chirality
of the ~0 current. The rst term in each bilinear charge is generated by Z{exchange and the
second term by selectron exchange; DZ , DtL;R and DuL;R denote the s{channel Z propagator







and t ! u (58)
5For the reader’s convenience, we report some technical material in chapter 3.1 in parallel to Refs.[14, 15,
11] so that the presentation becomes self-contained.
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with s = (pe− + pe+)
2, t = (pe− − p˜0i )2 and u = (pe− − p˜0j )2. The matrices Zij , gLij and gRij
are products of the neutralino diagonalization matrix elements Nij
Zij = (Ni3Nj3 −Ni4Nj4)=2














They satisfy the hermiticity relations reflecting the CP relations
Zij = Zji gLij = gLji gRij = gRji (60)
so that, if the Z{boson width ΓZ is neglected in the Z{boson propagator DZ , the bilinear
charges Q also satisfy similar relations with t and u interchanged in the propagators. These
relations are very useful in classifying CP{even and CP{odd observables in the following
sections.
3.1 Production cross sections
Since the gaugino and higgsino interactions depend on the chirality of the states, polarized
electron and positron beams are useful tools to diagnose the wave-functions of the neu-
tralinos. The electron and positron polarization vectors are dened in the reference frame
in which the electron{momentum direction denes the z{axis and the electron transverse
polarization{vector the x{axis. The azimuthal angle of the transverse polarization{vector
of the positron with respect to the x{axis is called . The polarized dierential cross sec-
tion for the ~0i ~
0
j production is given in terms of the electron P=(PT ; 0; PL) and positron








(1− PL PL) U + (PL − PL) L
+ PT PT cos(2− ) T + PT PT sin(2− ) N
]
(61)
with the coecients U , L, T and N depending only on the polar angle  of the produced
neutralinos, but not on the azimuthal angle  any more;  = [1− (i + j)2][1− (i − j)2]
is the two{body phase space function with i = m˜0i =
p
s. The coecients U , L, T and
N are written in terms of the quartic charges
U = 4
{[
1− (2i − 2j)2 +  cos2 
]












T = 4 Q5 sin
2 





Table 1: The independent quartic charges of the neutralino system.
P CP Quartic charges
even even Q1 =
1
4
















=m [QRRQRL + QLLQLR]
odd even Q01 =
1
4













Expressed in terms of bilinear charges, the quartic charges are collected in Table 1, including
the transformation properties under P and CP.
The quartic charges Q4fijg and Q06fijg, which are non{vanishing only for i 6= j and for
CP{violating theories, can be expressed in terms of the elements of the mixing matrix N .
Taking the Z-boson propagator real by neglecting the width in the limit of high energies,
















(DtLDuR −DtRDuL)=m( gLijgRij) (63)
The combinations of the couplings, =m(ZijgLij), =m(ZijgRij) and =m(gLijgRij), are func-




















=m(N 0i2N 0j2Ni1Nj1) (64)
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where N 0i1 = cWNi1 − sW Ni2 and N 0i2 = sW Ni1 + cWNi2. The quartic charge Q4fijg will be
discussed in section 3.3.
The expression (64) reveals the following features: (i) The charge Q06fijg vanishes for
i = j. (ii) Non{zero values of =m(ZijgRij) and =m(ZijgLij) require the existence of non-
vanishing gaugino and higgsino components in ~0i and ~
0
j ; moreover, the
~H01 and
~H02 higgsino
components have to be dierent in magnitude, which in turn requires tan 6= 1. (iii) For the
transverse beam polarization and i 6= j, the angular distribution (61) is forward{backward
asymmetric, because the angular dependence of N is determined by the forward{backward
asymmetric factors, DtL;R −DuL;R and DtLDuR −DtRDuL.
If the neutralino production angle could be measured unambiguously on an event{by{
event basis, the quartic charges could be extracted directly from the angular dependence of
the cross section at a xed c.m. energy. However, since the lightest neutralino escapes unde-
tected and the heavier neutralinos decay into the invisible lightest neutralinos as well as SM
fermion pairs, the production angle cannot be determined unambiguously for non{asymptotic
energies. However, as a counting experiment, the integrated polarization{dependent total















PL = − PL = −1
]
(65)
where Sij is a statistical factor: 1 for i 6= j and 1=2 for i = j. Twenty independent physical
observables can be constructed at a given c.m. energy through neutralino{pair production
with polarized electron and positron beams; two for each mode fijg. The generalization of
eq. (65) for partially polarized beams is straightforward.
3.2 Threshold behavior of neutralino production
Near the threshold of each non{diagonal neutralino pair, the total cross section fijg (i 6= j)
























F 40 j<e gRij j2 − 2 j=m G(0)R j2 +
1
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      tanβ=10, |M1|=100.5 GeV, M2=190.8 GeV, |µ|=365.1 GeV
Φ1=0,    Φµ=0
Φ1=pi/3, Φµ=0
Φ1=pi/3,Φµ=pi/4
Figure 4: The threshold behavior of the neutralino production cross–section f12g; the shift







D0;1Zij − F0;1 gRij (67)
with the kinematical functions
D0 = (mi + mj)
2=((mi + mj)
2 −m2Z)
D1 = −m2Z(mi + mj)4=mimj((mi + mj)2 −m2Z)2
F0 = (mi + mj)
2=(m2e˜R + mimj)
F1 = (mi + mj)
4 (2m2e˜R −m2i −m2j )=2mimj(m2e˜R + mimj)2 + F 30 =3 (68)
In the CP{invariant theory, the imaginary parts of the couplings Zij , gLij and gRij can only
be generated by Majorana phases i = 0 and j = =2 or vice versa. Therefore the S{wave
excitation giving rise to a steep rise  1=2 of the cross section for the nondiagonal pairs6
near threshold, signals opposite CP{parities of the produced neutralinos [4]. Obviously not
all nondiagonal pairs of neutralinos can be produced in S{wave in the CP{invariant theory
at the same time; if the fijg and fikg pairs have negative CP{parities, the pair fjkg have
positive CP{parity and will be excited in a P{wave characterized by the slow rise  3=2 of
the cross section.
6For diagonal pairs the couplings Zii, gLii and gRii are real.
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It is important to realize that CP{violation may allow S{wave excitations in all non{
diagonal pairs. In particular, observing the fijg, fikg and fjkg pairs to be excited all in
S{wave states would therefore signal CP{violation. In Fig.4 the impact of non{zero CP
phases 1 and  on the threshold behavior of f12g is shown. For vanishing phases the
~01 and ~
0
2 elds have the same CP{parities and thus the production cross section rises as
3=2. Evidently the CP{violating phases have a strong impact on the energy dependence of
the cross section, as anticipated in eq. (66). Thus, the steep rise of cross sections for non{
diagonal pairs can be interpreted as a rst direct signature of the presence of CP{violation
in the neutralino sector.
3.3 Neutralino polarization vector
If the initial beams are not polarized, the chiral structure of the neutralinos could be inferred
from the polarization of the ~0i ~
0
j pairs produced in e
+e− annihilation.
The polarization vector ~P = (PL;PT ;PN) is dened in the rest frame of the particle
~0i , with components parallel to the ~
0
i flight direction in the c.m. frame, in the production
plane, and normal to the production plane, respectively. They are expressed in terms of the
quartic charges as follows
PL = 4
{
2(1 − 2i − 2j) cos Θ Q01 + 4ij cos Θ Q02 + 1=2[1 + cos2 Θ− (2i − 2j)]Q03
}
=ΣU
PT = −8 sin Θ
{
[(1− 2i + 2j)Q01 + 1=2 Q03 cos Θ]i + (1 + 2i − 2j)j Q02
}
=ΣU
PN = 81=2j sinΘ Q4=ΣU (69)
with the normalization U as dened in eq. (62).
The normal component PN can only be generated by complex production amplitudes.
Neglecting the Z{boson width, the normal ~0i polarization in e
+e− ! ~0i ~0i is zero since the
Z ~i ~i vertices and the selectron{exchange amplitudes are real even for non-zero phases in
the neutralino mass matrix. Only for nondiagonal ~0i ~
0
j pairs with i 6= j the amplitudes
can be complex giving rise to a non{zero CP{violating normal neutralino polarization PN




























Since s2W = sin
2 W is close to
1
4
, the Z{exchange contribution to the quartic charge Q4fijg is
suppressed. Nevertheless, unless selectrons are very heavy and CP is conserved, the normal
polarization of the neutralino will provide a crucial diagnostic probe of CP{violation in the
neutralino sector. Furthermore, the normal polarization signals the existence of non{trivial
-type CP phases so that it can be non{zero even if all the -type CP phases vanish, i.e. if
all the quadrangles of the neutralino mixing matrix collapse to lines with at least one line
o the real and imaginary axes.
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4 Extracting the fundamental SUSY parameters
The fundamental SUSY parameters can be extracted from the gaugino-higgsino sector at an
e+e− linear collider with an energy
p
s = 500 to 800 GeV.
The numerical analyses presented below have been worked out for one parameter point7
in the CP{invariant case and two related parameter points in the CP{noninvariant case:
RP1 : (tan ; jM1j;M2; jj; Φ1;Φ) = (10; 100:5GeV; 190:8GeV; 365:1GeV; 0; 0)
RP10 : (tan ; jM1j;M2; jj; Φ1;Φ) = (10; 100:5GeV; 190:8GeV; 365:1GeV; 3 ; 0)




The induced neutralino ~0i masses read as follows
m˜01 = 97:6=98:2=99:1 GeV m˜02 = 176:2=176:0=177:0 GeV
m˜03 = 371:4=371:7=372:0 GeV m˜04 = 388:9=388:5=387:5 GeV
(72)
for the three points RP1=10=100, respectively, and the selectron ~eL;R masses are taken as
me˜L = 208:7 GeV me˜R = 144:1 GeV (73)
for all three points. Although the rst point RP1 has been dened for an intermediate tan
solution of universal gaugino and scalar masses at the GUT scale, we decouple our strictly
low{energy phenomenological analysis from the origin and use the parameters in eq. (71) as
just{so input for the neutralino spectra and couplings. For the RP10 point, only the phase
of M1 is non-zero while the chargino sector is CP{conserving, as suggested by the EDM
constraints [3]. Finally, in RP100 both M1 and  have large phases. This point is taken just
for illustrative purpose.
The masses of the selectrons are assumed to be known from threshold scans in pair
production [27] or, if ~eL is not accessible in direct production but only ~, by means of the
SUSY relation m2e˜L −m2˜ = −m2W c2 fullled exactly at tree level. Complementary tests can
be made by studying forward{backward asymmetries of the decay leptons of neutralinos [9].
4.1 Light chargino and neutralino system
At the beginning of future e+e− linear{collider operations, the energy may only be sucient
to reach the threshold of the light chargino pair ~+1 ~
−






the analysis of this restricted system, the entire structure of the gaugino/higgsino sector can
7This point corresponds to one of the mSUGRA points chosen as reference points at the Snowmass
Workshop 2001 after combining ”Les Points d’Aix” with part of the CERN points [26].
8The lightest neutralino–pair production is difficult to reconstruct experimentally but photon tagging in
the reaction e+e− ! γ˜01˜01 [28] provides a possible method.
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Figure 5: Contours of the chargino production cross–sections L f11g = 341:1 fb and
Rf11g = 0:53 fb for the light chargino mass m˜1 = 175:6 GeV and the sneutrino mass
m˜ = 192:8 GeV (the set RP1) in the plane of fcos 2L; cos 2Rg at the e+e− c.m. en-
ergy of 500 GeV ; the two crossing points in the upper right corner are f0:699; 0:906g and
f0:862; 0:720g, respectively.
be unraveled in CP{invariant theories on which we focus rst for the sake of simplicity. As
shown in Ref. [15], the chargino sector can be reconstructed up to at most a two{fold discrete
ambiguity. On the other hand, if the analysis of the chargino and the neutralino systems is
combined, ten physical observables can be measured: three masses and seven polarized cross
sections, among which two masses and four cross sections are accessible in the neutralino
system.
By analyzing the f11g mode in L f11g and Rf11g, the chargino mixing angles cos 2L
and cos 2R can be determined up to at most a four{fold ambiguity if the sneutrino mass
is known and the SUSY Yukawa coupling is identied with the gauge coupling. The ambi-
guity can be resolved [15] by measuring9 the transverse cross{section T f11g. On the other
hand, initial beam polarization in the process e+e− ! ~01 ~02 allows us to measure the two
9The measurement of the transverse cross section involves the azimuthal production angle Φ of the
charginos. At very high energies their angle coincides with the azimuthal angle of the chargino decay
products. With decreasing energy, however, the angles differ and the measurement of the transverse cross
section is diluted.
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Figure 6: Ratios of m˜01, m˜02, Lf12g and Rf12g with respect to their measured values
plotted as functions of M1 for two possible solutions P1 (left) and P2 (right) derived from the
chargino sector. The left panel gives a unique value M1 = 100:5 GeV for the U(1) gaugino
mass resolving the P1–P2 ambiguity.
independent additional observables Rf12g and Lf12g in the neutralino system. Moreover,
the light neutralino masses can be measured with high precision.
For illustration, we assume that at the c.m. energy Ecm = 500 GeV the light chargino
mass and the polarized cross sections of the light chargino pair are measured with good
precision to be m˜1
= 175:6 GeV and L=Rf11g = 341:1 fb=0:53 fb and the sneutrino mass
m˜ = 192:8 GeV, corresponding to RP1.
The two ellipses in Fig.5 for the measured polarized cross sections L;Rf11g, as functions





g = f0:699; 0:906g and f0:862; 0:720g (74)
Following the analysis described in Ref. [15], the cosines of the two mixing angles in eq. (74)
and the light chargino mass m˜1
= 175:6 GeV are sucient to solve for the fundamental
parameters ftan; M2; g:
P1 : f0:699; 0:906g ) ftan = 10; M2 = 190:8 GeV;  = 365:1 GeVg
P2 : f0:862; 0:720g ) ftan = 0:35; M2 = 197:9 GeV;  = 387:7 GeVg
(75)
The ambiguity can be resolved in several ways: internally within the chargino sector by
measuring the transverse cross{section T f11g; externally by confronting the ensuing Higgs
24
boson mass mh0 with the experimental value. However, the ambiguity can also be resolved
by analyzing the ~01 ~
0
2 system for left and right polarized beams; at the same time the U(1)
gaugino mass parameter can be determined unambiguously.
We assume the measured light neutralino and selectron masses to be those in eqs. (72)
and (73) and the measured polarized cross sections L;Rf12g to be 233.4 fb /22.1 fb, respec-
tively, as predicted in RP1. The expected values of m˜01 , m˜02 , Lf12g and Rf12g for the
two possible solutions of eq. (75) can be calculated as functions of M1 and compared with
measured values. In Fig. 6 the ratios of the theoretically predicted values m˜01 , m˜02 , Lf12g








In the left panel the curves all meet in exactly one point proving that
P1 : M1 = 100:5 GeV (77)
is the correct solution. Additional consistency checks can be provided by measuring the
production cross sections Tf12g, if transversely polarized electron and positron beams are
available.
4.2 The supersymmetric Yukawa couplings




with the SU(2) and U(1) gauge
couplings g and g0, which is of fundamental importance in supersymmetric theories, can be
tested very accurately in neutralino pair{production. This analysis is one of the nal targets
of LC experiments which should provide a complete picture of the electroweak gaugino sector
with resolution at least at the per-cent level.
We assume here that the SU(2) gaugino/higgsino parameters in the CP{invariant theory
have been pre{determined in the chargino sector and the U(1) parameter M1 has been ex-
tracted from the neutralino mass spectrum. The equality between the Yukawa and the gauge
couplings can be tested precisely by making use of electron (and positron) beam polarization.
Varying the left{handed and right{handed Yukawa couplings leads to a signicant change in
the corresponding left{handed and right{handed production cross sections. Combining the
measurements of R and L for the process e





can be determined to quite a high precision as demonstrated in Fig. 7. The 1
statistical errors have been derived for an integrated luminosity of
∫ L dt = 100 and 500 fb−1
and for partially polarized beams.
Combined with the measurement of the ~We~ Yukawa coupling, including the analysis of
angular distributions, in the chargino sector, it is possible to check the crucial SUSY relation
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normalized to the SU(2) and U(1) gauge couplings g and g0 fYL =
gW˜ =g; YR = gB˜=g
0 g for the set RP1 at the e+e− c.m. energy of 500 GeV; the contours
correspond to the integrated luminosities 100 and 500 fb−1 and the longitudinal polarization
of electron and positron beams of 90% and 60%, respectively.
4.3 The complete MSSM neutralino system
The measurements of the chargino{pair production processes e+e− ! ~+i ~−j (i; j=1,2) car-
ried out with polarized beams can be used for a complete determination of the basic SUSY
parameters fM2; jj;  ; tang in the chargino sector with high precision10. In this section,
it will be demonstrated analytically in the general CP{noninvariant theory that the real
and imaginary parts of the U(1) gaugino mass M1 can be determined subsequently from the
measurements of (i) either three neutralino masses or/and (ii) from the masses of two light
neutralinos and one neutralino{pair production cross section such as f12g.
Each of the four invariants a, b, c, d of the matrix MMy, dened in eq. (28), is a second{
order polynomial of <eM1 = jM1j cos 1 and =mM1 = jM1j sin 1. Therefore, each of the
10The sine of the phase Φµ can be determined by measuring the sign of observables associated with the
























Figure 8: The contours of (a) three measured neutralino masses m˜0i (i = 1; 2; 3), and
(b) two neutralino masses (1,2) and one neutralino production cross section totf12g in
the f<eM1; =mM1g plane; the parameter set RP100 ftan = 10; M2 = 190:8 GeV; jj =
365:1 GeV;  = =4g is taken from the chargino sector.
characteristic equations in the set (27) for the neutralino mass squared can be cast into the
form
(<eM1)2 + (=mM1)2 + ui<eM1 + vi=mM1 = wi (i = 1; 2; 3; 4) (78)
The coecients ui, vi and wi are functions of the parameters tan, M2, jj,  pre{
determined in the chargino sector, and the mass m2˜0i
; the coecient vi is necessarily pro-
portional to sin  because physical masses are CP{even. For each neutralino mass, eq. (78)
denes a circle in the f<eM1;=mM1g plane. As a result, the measurement of three neu-
tralino masses leads to an unambiguous determination of the modulus and the phase of M1,
cf. Fig. 8(a). With only two light neutralino masses, the two{fold ambiguity can be resolved
by exploiting the measured cross section f12g, as shown in Fig. 8(b). However, if the phase



























Figure 9: The contours of (a) three measured neutralino masses and (b) two mea-
sured light neutralino masses and one neutralino production cross section, totf12g in the
f<eM1; =mM1g plane for the CP–violating case RP10: ftan  = 10; M2 = 190:8 GeV;  =
365:1 GeV; sin  = 0g.
5 Closure of the neutralino system
Since the reconstruction of the mass and mixing parameters is easy if all four neutralino
states are detected, stringent tests of the four{state closure can be designed. Models with
additional chiral or vector superelds, for example, give rise to extensions of the neutralino
sector in general.
The four{state mixing of neutralinos in the minimal supersymmetric extension of the
Standard Model induces sum rules for the neutralino couplings. They can be formulated
in terms of the squares of the bilinear charges, i.e. the factorized elements of the quartic
charges. This follows from the unitarity of the diagonalization matrices. If all possible






































The right{hand side of the sum rules is independent of the parameters in the neutralino
system and it is given solely by the gauge group. Therefore, evaluating these sum rules
experimentally, it can be tested whether the four{neutralino system f~01; ~02; ~03; ~04g forms a
closed system, or whether additional states at high mass scales mix in, signaling the existence
of an extended gaugino system.
The validity of the sum rules is reflected in both the quartic charges and the production
cross sections. However, due to mass eects and the t{ and u{channel selectron exchanges,
it is not straightforward to derive the sum rules for the quartic charges and the production
cross sections in practice. Asymptotically at high energies, however, the sum rules in eq. (79)











64s4W − 8s2W + 5
]
(80)
The approach to the asymptotic form of the sum rules depends on the mass parameters of
the theory. (The mixing parameters, weighted by the physical neutralino masses, can be
summed up to polynomials of the gaugino and higgsino mass parameters, as demonstrated
in the appendix.)
In Fig. 10 the exact values for the summed-up cross sections normalized to the asymptotic
value are shown for the reference point RP1. The nal state ~01 ~
0
1 is invisible in R-parity
invariant theories, and its detection is dicult. Nevertheless, it can be studied directly by
photon tagging in the nal state γ ~01 ~
0
1, which can be observed at the LC. Indirectly the
~01 ~
0
1 cross section can be predicted by extracting, hypothetically, the MSSM parameters
from the observed cross sections. The subsequent failure of saturating the sum rules would
then be sucient to conclude that the neutralino system of the MSSM is not closed indeed
and additional states mix in.
More specically, extended SUSY models with n SU(2) doublet11 and m SU(2) singlet
chiral superelds may be considered in general. In these extended models, diagonalization of
the mass matrix leads to (2 + 2n + m) neutralino mass eigenstates. The fermion (higgsino)
components of the chiral elds do not modify the structure of the ~0i e~eL;R vertices. While
the higgsino singlets do not change the structure of the Z{neutralino{neutralino vertices,
the neutral component of each additional higgsino doublet with hypercharge 1=2 couples
to the Z boson exactly in the same way as ~H01;2. So, the Z{neutralino{neutralino couplings
are modied to read



















11An even number of doublets is needed to cancel the chiral anomaly properly.
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Figure 10: The energy dependence of the sum of all the neutralino–pair production cross
sections normalized to the asymptotic form of the summed up cross section; the solid line
represents the exact sum in the MSSM; the dashed line the sum of the cross sections for the
first four neutralino states in a specific parameter set of the (M+1)SSM.
The sum rule, following from the unitarity of the (2+2n+m) (2+2n+m) mixing matrix,











2 (8s4W − 4s2W + 1) n + 48s4W + 3
]
(82)
The right{hand side of eq. (82) is independent of the number m of higgsino singlets and it
reduces to the sum rule in the MSSM for n = 1.
A typical example is provided by the extended (M+1)SSM scenario which incorporates
an additional gauge singlet supereld [29], but does not change the structure of the charged
sector. The superpotential of the (M+1)SSM is given by




where WY accounts for the lepton and quark Yukawa interactions. In this model, an eective
 = s term is generated when the scalar component of the singlet S acquires a vacuum
expectation value s = hSi. The fermion component of the singlet supereld (singlino)
will mix with neutral gauginos and higgsinos after electroweak gauge symmetry breaking,
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jM1j eiΦ1 0 −mZcsW mZssW 0
0 M2 mZccW −mZscW 0
−mZcsW mZccW 0 −jj eiΦµ −jMj s eiΦλ
mZssW −mZscW −jj eiΦµ 0 −jMj c eiΦλ
0 0 −jMj s eiΦλ −jMj c eiΦλ 2jMj eiΦκ


where jMj eiΦλ  v and jMj eiΦκ  s.
In some regions of the parameter space [30] the singlino may be the lightest supersym-
metric particle, weakly mixing with other states. Then displaced vertices in the (M+1)SSM
may be generated, which would signal the extension of the minimal model. If the spectrum
of the four lighter neutralinos in the extended model is similar to the spectrum in the MSSM
but the mixing is substantial, discriminating the models by analyzing the mass spectrum
becomes very dicult. Studying in this case the summed-up cross sections of the four light
neutralinos may then be a crucial method to reveal the structure of the neutralino system.
In Fig.10 the exact sum rules are also included for a possible scenario of the (M+1)SSM;
the parameters M1 = 1000 GeV, M2 = 169 GeV,  = −263 GeV, tan  = 10 and M = 263
GeV, M = −59 GeV, give rise to one very heavy neutralino with m˜05  1000 GeV, and
to four lighter neutralinos with masses within 2 { 5 GeV equal to the neutralino masses for
the RP1 point of the MSSM. Due to the incompleteness of these states below the thresh-
olds for producing the heavy neutralino, the (M+1)SSM value diers signicantly from the
corresponding sum rule of the MSSM. Therefore, even if the extended neutralino states
are very heavy, the study of sum rules can shed light on the underlying structure of the
supersymmetric model.
Addendum: Charginos











8s4W − 8s2W + 5
]
(84)
for the summed-up chargino cross sections [15] can be derived in the same way. In analogy
to the neutralino system, the approach to asymptotia depends on the gaugino and higgsino
parameters, cf. appendix.
6 Conclusions
In the rst part of this analysis we have derived the mass eigenvalues and the mixing matrix
of the MSSM neutralino system including CP violation. The problem has been solved analyt-
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ically, and a compact representation has been found in the limit of large SUSY gaugino and
higgsino mass parameters compared to the scale of electroweak symmetry breaking. Unitar-
ity quadrangles have been introduced, distinctly dierent from CKM and MNS polygons due
to the Majorana nature of the neutralinos. They illustrate nicely the specic realization of
CP violation through the two distinct sets of phases in the system. In this way the solution
of the MSSM neutralino system has been advanced to a level analogous to the chargino
system.
If the chargino system is solved for the SU(2) parameters fM2; jj; ; tang, the neu-
tralino mass spectrum is sucient to extract the U(1) gaugino mass parameter fjM1j; 1g.
Three (light) neutralino masses m˜01,2,3 or/and two light neutralino masses m˜01,2 supple-
mented by the production cross section f12g for the neutralino pair ~01 ~02, allow us to
extract fjM1j; 1g unambiguously, and with a two{fold ambiguity for the sign of sin 1 if
sin  vanishes. This discrete ambiguity can be solved by measuring the normal neutralino
polarization and/or the cross section N with initial transverse beam polarization. All fun-
damental SU(2)U(1) gaugino and higgsino parameters can therefore be derived analytically
in the combined chargino  neutralino system from measured mass and mixing parameters.
Sum rules for the production cross sections can be used at high energies to probe whether
the four{state neutralino system is closed or whether additional states mix in from poten-
tially very high scales.
To summarize. The measurement of the processes e+e− ! ~0i ~0j (i; j=1,2,3,4), carried out
with polarized beams and combined with the analysis of the chargino system e+e− ! ~+i ~−j
(i; j=1,2), can be used to perform a complete and precise analysis of the basic SUSY param-
eters in the gaugino/higgsino sector fM1; M2; ; tang. The chargino/neutralino system of
the MSSM at tree level is therefore under analytical control in toto.
Since the analysis can be performed with high precision, this set provides a solid plat-
form for extrapolations to scales eventually near the Planck scale where the fundamental
supersymmetric theory may be dened.
APPENDIX
A Sum Rules: Approach to Asymptotia
While the sum rules in the asymptotic limit do not depend on any supersymmetry parame-
ters of the gaugino/higgsino sector but only on the gauge group, the approach to asymptotia
involves the neutralino and chargino masses. Nevertheless, the sums of the mixing parame-
ters weighted by these masses, can be expressed by the fundamental gaugino and higgsino
mass parameters in closed form.
32
A.1 Neutralino system


























































































[ 64s4W − 8s2W + 5 ] + 01=s + 02=s
}
(87)
to calculate the coecients 01 and 
0
2 which control the approach to asymptotia:
01 = (8s
4
W − 4s2W + 1)m2Z + 3m2e˜L + 48s4Wm2e˜R
−192s4W (jM1j2 + m2Zs2W )− 12(jM1j2s2W + jM2j2c2W + m2Zc22W )
+6
{





























The approach to asymptotia is fast for the reference point chosen before. For
p
s = 2 TeV
the form including the subleading terms in eqs. (87) and (88) has reached already 90 percent
of the asymptotic limit.
12We introduce the abbreviations s2W = sin 2W and c2W = cos 2W .
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A.2 Chargino system











[ 8s4W − 8s2W + 5 ] + 1 =s + 2 =s
}
(89)





W − 8s2W + 2) m2Z − 3(8s4W − 4s2W + 1) m2W
+18 c4Wm
2




















c4W (jM2j2 + 2m2W c2)2 (90)
Again, the approach to asymptotia is fast for the parameter set under discussion.
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